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m ■ Abstract 

In this work we establish trace Hardy and trace Hardy-Sobolev-Maz'ya inequaUties with best Hardy 
constants, for domains satisfying suitable geometric assumptions such as mean convexity or convexity. 
We then use them to produce fractional Hardy-Sobolev-Maz'ya inequalities with best Hardy constants 
for various fractional Laplacians. In the case where the domain is the half space our results cover the full 
range of the exponent s e (0, 1) of the fractional Laplacians. We answer in particular an open problem 
. raised by Frank and Seiringer [FS]. 
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1 Introduction and Main Results 

The Hardy inequality in the upper half space asserts that 

/ \Vu\'^dx > \ j ^dx, u £ C^{IRl), (1.1) 



where JR" = {(xi, . . . , x„) : x„ > 0} denotes the upper half-space, and \ is the best possible constant. 

If C and d{x) = dist(x, dQ) then there are two main directions towards establishing Hardy 
inequalities. One direction is to find proper regularity assumptions on the boundary of O that imply the 
existence of a positive constant Cq, such that 

/ \Vu\^dx >Cn [ -^dx , u E C^{n) . 

Jn Jn d\x) 

In this direction we refer to lAl, BKKH and references therein. 

A second direction aims at finding geometric assumptions on Q that imply the Hardy inequality with 
best constant i, that is 

1 r InP 

Vupdx > - / -i^T^dx , u £ C^in) . (1.2) 

The standard geometric assumption here is convexity of Q., see, e.g., HDIL IID2L HBMI . However inequality 
(11.21 ) remains true under the weaker assumption 

- Ao?(x) > 0, X E . (1.3) 

This is meant in the distributional sense. We refer to HBFTI where this condition arises in a natural way. In 
fact condition (11.31 ) is equivalent to convexity in two space dimensions, but it is weaker than convexity for 
n > 3, since any convex domain satisfies (11.31 ) whereas there are nonconvex domains that satisfy (11.31) BAKU . 
We emphasize that there is no need for further regularity assumptions on Q.. In case dO. is C^, condition 
(11.31 ) is recently shown to be equivalent to the mean convexity of 9^1, that is (n — l)H{x) = —Ad{x) > 
for X E dn, see IILLD . 10. 

If in addition to (11.31 ) the domain is a domain with finite inner radius then it has been established 
that one can combine the Sobolev and the Hardy inequality, the latter with best constant. More precisely, 
for n > 3 there exists a positive constant c such that 

j \Vu\'^dx>^j ■^J^dx + c(^j \u\^dx^ " , uGC^{n), (1.4) 

see HFMTI . In BGkH Hardy-Sobolev-Maz'ya inequahties are established under a different geometric assump- 
tion than (11.31 ). that allows infinite inner radius. Frank and Loss established in BFLII inequality (11.41 ) with a 
constant c independent of Q,, when is convex. 
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Recently, a lot of attention is attracted by the fractional Laplacian. For s e (0, 1) it is defined as follows 

(-Ar/W = c„.P.V./^__M|iidJ. (1.5) 
where RV. stands for the Cauchy principal value and 

Cn,s — T ~ ■ (1-6) 

r(l — sjvra 

There are other ways for defining the fractional Laplacian, as for instance via the Fourier transform. We 
note that the fractional Laplacian is a non local operator and this raises several technical difficulties. How- 
ever, there is a way of studying various properties of the fractional Laplacian via the Dirichlet to Neumann 
map. This has been recently studied by Caffarelli and Silvestre [CSJ, and it will be central in this work. Let 
us briefly recall the approach in MCSl. where by adding a new variable y, they relate the fractional Laplacian 
to a local operator. For any function / one solves the following extension problem 

div{y^~^'V^^^^y)u{x,y)) = 0, JR"x(0,oo), (1.7) 
n(x,0) = /(x), JR", (1.8) 



the natural energy of which is given by 

r+oo f 

.1-2 



oo 

"^M = / / y^^'^^'V^ {x,y)u{x,y)\^dxdy. 
JiR" 



Then, up to a normalizing factor C one establishes that 

- lim y^~'''uy{x,y) = C{-^Yf{x). 

y^0+ 

Our interest in this work is to study the fractional Laplacian defined in subsets of M!^ and in particular 
to establish Hardy and Hardy-Sobolev-Maz'ya inequalities there. There is a lot of interest in fractional 
Laplacian in subsets of iR" coming from various applications, as for instance censored stable processes and 
killed stable processes ICSoj . MBBCII . BCKSIL IICKS21 . Gamma convergence and phase transition problems 
llABSl . iGl, lISVTI . llSV2l . llPSVll and nonlinear PDF theory EH, HI, EO. In iBDl it was conjectured 
that the best Hardy constant in the case of the fractional Laplacian associated to a censored stable process is 
the same for all convex domains. In fFSl it was posed the question establishing fractional Hardy-Sobolev- 
Maz'ya inequalities for the half space. 

Contrary to the case of the full space JR", there are several different fractional Laplacians that one can 
define on a domain Vl ^ iR". In particular in the above mentioned references three different fractional 
Laplacians appear. In all cases we will use the Dirichlet to Neumann map after identifying the proper 
extension problem. Throughout this work we assume that the domain O is a uniformly Lipschitz domain; 
for the precise definition see Section 2. 

We start with the fractional Laplacian that appears in BCTl . IITll . IICCII . The proper extension problem 
in this case is to consider test functions in C^(0 x M). At this point we recall that the inner radius of a 
domain is defined as Rin := sup^.^^ d(x). We say that the domain has finite inner radius whenever 
Rin < OO. Our first result concerns the extended problem and reads: 

Theorem 1.1. (Trace Hardy & Trace Hardy-Sobolev-Maz'ya I) 

Let ^<s<l, n>2 and Q ^ iR" be a domain. 
(i) If in addition 0, is such that 

- Ad{x) > 0, xen, (1.9) 

then for all u G C^($7 x M) there holds 

r [ y^-^''\V(^,^y)uix,y)\^dxdy>ds [ ^^^j^^dx, (1.10) 
Jo Jq Jq " [X) 
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with 

(ii) Suppose there exists a point xq E 9il and r > such that the part of the boundary dil Pi B{xq, r) is 
regular. Then 

In particular ds in Al.lOi is the best constant. 

(iii) If Q is a uniformly Lipschitz domain with finite inner radius satisfying f\1.9\l . and s G (^) 1). then there 
exists a positive constant c such that for all u G C^{0, x M) there holds 

L jj^~^'\^{x,yA^^y)\''dxdy > d^ j^ ^'J^^^^ dx + c (^jju{x,0)\^ dx^ " . (1.12) 

Actually, in the case of half space Q, = JR" we establish a much stronger result covering the full range 
s € (0,1). In particular we have 

Theorem 1.2. (Half Space, Trace Hardy-Sobolev-Maz'ya I) 

Let < s < 1 and n> 2. 

(i) For all u G C^{IR\ x IR) there holds 



y ''\^{x,y)u{x,y)\ dxdy > ds — dx , (1.13) 



Jm^ ^r, 

with 

2^(l-s)^2^^^^ 



(ii) The constant dg in f li.i il ) is sharp, that is 

iriiR"y^'^''\^''\^dxdy 
ds = inf , , . 

y + Jj^n ^2s ux 

(iii) There exists a positive constant c such that for all u £ C^{IBJ]_ x IR) there holds 

n — ls 

[ y^'^'\V(^^^yju{x,y)\^dxdy>ds [ ^^-^^dx + cl [ \u{x,0)\^^ dx] . (1.15) 
Jmi Jir\ \Jr\ J 

We will apply Theorem 1 1 . 1 1 to the fractional Laplacian that is defined as follows. Let Q. C iR" be a 
bounded domain, and Aj and 0j be the Dirichlet eigenvalues and orthonormal eigenfunctions of the Lapla- 
cian, i.e. — A(/).j = Xi(f)i in $7, with = on dQ. Then, for f{x) = ^ Ci(j)i{x) we define 

oo 

{-^yf{x) = Y,ciKUx), o<s<i, (1.16) 

i=l 

in which case 

oo 

((-A)^/,/)f, = / f{x) {-Ayf{x)dx = Vc^AI. (1.17) 
■^^ i=i 

In the sequel we will refer to this fractional Laplacian as the spectral fractional Laplacian. We then have 
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Theorem 1.3. fHardy & Hardy-Sobolev-Maz'ya for Spectral Fractional Laplacianj 

Let ^<s<l, n>2 and Vl C iR" be a bounded domain. 

(i) If in addition i7 is such that 

-Ad{x)>0, xen, (1.18) 

then, for all f G C^(r2) there holds 

((-Ar/,/)n>4/^^dx, (1.19) 

with 

(ii) Suppose there exists a point xq G 917 ant/ r > ^'mc/i that the part of the boundary dQ Ci B{xo, r) is 
regular. Then 

(iii) If n is a Lipschitz domain satisfying M.18^ and s G (5,1), f'j^'J f/tere exists a positive constant c such 
that for all f G Cg°(r2) there holds 

{{-ArfJ)n>dsl^^J^dx + c(^ljf{x)\^dxj " . (1.21) 

We next consider the fractional Laplacian associated to the killed stable processes that appears in fBD], 
HBBCI . HSVIJ . I,SV2.| . IPSVJ . which from now on we will call it Dirichlet fractional Laplacian. The proper 
extension problem involves test functions u G C^{]R^ x ]R) such that u{x, 0) = in the complement of il, 
that is, for x G CO.. For this fractional Laplacian, our assumption on the domain Q. is convexity instead of 
(11.31) . The reason for this is that our method requires subharmonicity of the distance function in CO. which 
is equivalent to the convexity of Q., see I.AK.I . Our next result reads: 

Theorem 1.4. (Trace Hardy & Trace Hardy-Sobolev-Maz'ya II) 

Let ^<s<l, n>2 and Vl ^ iR" be a domain. 

(i) If in addition J7 is convex then, for all u G C^{]R^ x ]R) such that u{x, 0) = 0/or x G Cil, there holds 

v?{x, ( 
d^^^x 



'^''W(x,y)u{x,y)\^dxdy>ks I ^} dx , (1.22) 



with 

2i-2«r2(s + i)r(i -s) 

7rr(s) 

(ii) Suppose there exists a point xq G 917 and r > such that the part of the boundary dil Pi B{xq, r) is 
regular. Then 

u{x,o) = o, xecn Jnd:^ 
In particular kg in l \1.221) is the best constant. 

(iii) If ft is a uniformly Lipschitz and convex domain with finite inner radius and s G (^,1), then there 
exists a positive constant c, such that the following improvement holds true for all u G CQ°(iR" x ]R) with 
u{x, 0) = 0/or X G Cn.- 

/ [ y^-^'\V^,^y)u{x,y)fdxdy>ks[ ''J^:% x + c([ \u{x , 0)]^^ dx) , (1.24) 
Jo Jm" Jn " i^J \Jn / 
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Elementary manipulations show that 



thus 

dg > kg , for s £ (0, 1) , 

which implies in particular that the best constants of Theorems 11.11 and 1 1 .41 are different. 

We next apply Theorem II. 4 I to the Dirichlet fractional Laplacian. In this case, for / G C^{Q,) we extend 
/ in all of IR"' by setting / = in Cil and use (11.51) . In particular, the corresponding quadratic form is 



with the constant Cn,s as given by (11.6b . We then have: 

Theorem 1.5. fHardy & Hardy-Sobolev-Maz'ya for the Dirichlet Fractional Laplacianj 

Let ^<s<l, n>2 and Q ^ iR" be a domain. 

{i)Ifin addition is convex, then for all f G C^{Q) there holds 



vr 



((-A)!,/,/)^" > ^ ^ / ioTF^dx . (1.26) 



Equivalently, one has that 



-dxd^ > / ,„ , . dx , (1-27) 



where 



fen s := —nr^ — ^ — ■ (1-28) 



(ii) Suppose there exists a point xq G and r > 5mc/i f/iaf the part of the boundary dQ B{xq, r) is C 
regular Then the Hardy constants — — — in U.26i and kn,s in l \1.27\l are optimal. 

(iii) IfQ is a uniformly Lipschitz and convex domain with finite inner radius and s G 1), then there exists 
a positive constant c such that for all f G C^(r2) there holds 

((-A)!,/,/W. > ^^^^^ l^^^dx + c^ljf{x)\^dx^^ . (1.29) 
Equivalently, one has that 

The case where Q is the half-space 17 = iR" = {(xi, . . . , x„) : x„ > 0} is of particular interest see 
iBDl, PBBCI, pFSl, iDl, m. In this case we obtain a stronger resuh that covers the full range s G (0, 1). 
More precisely we have: 
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Theorem 1.6. (Half Space, Trace Hardy-Sobolev-Maz'ya & Fractional Hardy-Sobolev-Maz'ya 11^ 

Let < s < 1 and n> 2. 

(i) Then for all u G C^{1R"- x M) with u{x, 0) = 0, x € M":, there holds 

r I y^-^'\V^,^y)u{x,y)\^dxdy>ks [ ^^-^^dx , (1.31) 

where 

_ 2^-^'T^{s + \)T{l-s) 

is the best constant in di. iiP . 

(ii) There exists a positive constant c, such that for all u G C^{]R^ x M) with u{x, 0) = 0, x G Ml, there 
holds 

n — 2s 

/ [ y^-^'\V^^^y)u{x,y)fdxdy>h [ ^^^^dx + cl [ |u(x,0)|^dx) ,(1.32) 
Jo JiR^ Jmi xff yjiRi J 

(iii) As a consequence, there exists a positive constant c such that for all f G C^{]R^) there holds 

n — 2s 

I I ^-¥^^i^dxd^> ''n,s [ ^dx + c([ |/(x)|^dx^ " , (1.33) 

where kn^s is given by lil.28\) . 

Or, equivalently, for all f G ) there holds 

71 — 2s 



where 

:= TT 2 



r(i-s)r(s + ^)-i 



We note that the Hardy-Sobolev-Maz'ya inequality (11.331) refers to the Dirichlet fractional Laplacian, 
associated to the killed stable processes whereas inequality (11.341) is associated to the censored stable pro- 
cesses. The Hardy constants fc„ and k„ ^ appearing in (11.331 ) and (11.341 ) respectively are optimal, as shown 
in BBDL The corresponding fractional Hardy inequality of (11.341 ) with best constant, in the case of a convex 
domain Q, that is, 



\n+2s 



dxdi > I P$;dx, f G C^{n) , 



JnJn \x-C\ 



has been estabhshed for s G 1) in ILSl . The question of obtaining a Hardy-Sobolev-Maz'ya inequality 
for the half space was raised in [FSl and was answered positively in [SJ, [DJ, but only for the range s G 

For other type of trace Hardy inequalities we refer to BDDMII and MAFVi We finally note that fractional 
Sobolev inequalities play an important role in many other directions, see e.g., BBBMI . BCGl . BMSl . llNll . 
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2 The Trace Hardy inequality I 

In this section we will prove the trace Hardy inequality contained in Theorem 11.11 We first recall the 
definition of a uniformly Lipschitz domain J7; see section 12 of |0- We note that Stein calls such a domain 
minimally smooth, see section 3.3 of fStj. 

A domain Q is called uniformly Lipschitz if there exist e > 0, L > 0, and M £ IN and a locally finite 
countable cover {f/j} of dQ with the following properties: 

(i) If a; G dQ then B{x, e) C Ui for some i. 

(ii) Every point of iR" is contained in at most M f/j's. 

(iii) For each i there exist local coordinates y = {y', yn) G x M. and a Lipschitz function / : — )■ 
M, with Lipf < L such that 

U^nn = U.,n {{y', y„) G iR^-^ xlR:yn> f{y')}. 

Under the uniformly Lipschitz assumption on Q, the extension operator is defined in W^'^{Q,), for all p > 1. 
We also note that when (7 is a bounded domain the above definition reduces to Q, being Lipschitz. 

In the sequel we set a = 1 — 2s. Since < s < 1 we also have — 1 < a < 1. We first establish the 
following useful identity: 

Lemma 2.1. Suppose that a G (-1, 1) and let u G Cq°{^ x ]R) and (j) G C'^{Q x (0, oo)) n C{Cl x [0, oo)) 
is such that (j){x, y) > inQ x [0, oo), (j){x, y) = in dil x (0, oo), 

\yaM^\<Vix), yG(0,l), xGn, 0<V{x)GLUn), 

(p{x,y) 

andfor a.e. x the following limit exists: 

.a(t>y{x,y) 



hm [y 

y^Q+ V 4>[.X,y) 

We also require that the following integrals are finite 



'0 Jn 
We then have the identity: 



r [ y^\Vu\^dxdy = - [ lim ( y""^^ u^{x,0)dx + [ y^^^u -^u\^dxdy 

Jo Jn Jn 2/^0+ \ 9 J Jo Jn 9 

- p / (2.1) 

Jo Jn 4> 

Proof: Expanding the square and integrating by parts we compute for e > 0, 

Je Jn 4> Je Jn \ V 4> J 

= r [ y^\Vu\^dxdy + r/^i^^^^^n^dxdy+/.'^%^).^(x,.)d.. 
Je Jn Je Jn <P Jn nx,£) 

We then pass to Umit £ — and the result follows easily. 

□ 

We will use Lemma |2?T] with the following choice: (j){x,y) = d~2(^x)A for y > 0, x G The 

function A solves the following boundary value problem 

(t^ + t)A" + {a + t\2 + a)) A' + \ "^" ^ = 0, t > 0, (2.2) 
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with 



^(0) = 1, lim A{t) = . (2.3) 

t— i> + 00 



Equation ( I2.2I ) can also be written in divergence form as 

{t^{l + t^)A'y + ^^^^^eA = 0. (2.4) 
From now on we will use the following notation: 

/ ~ 5, in U, 
whenever there exist positive constants ci, C2, such that 

cig < f < 029, in U . 

We then have the following 

Proposition 2.2. Suppose that a G (— 1, 1). The boundary value problem A2.2\) . A2.3\l has a positive decreas- 
ing solution A with the following properties: 
( i) There exists a positive constant dg such that 

lim fA'it) = -d, , 



with 



( ii) For all t > 0, 



[I _ a)T {^) r2 (4^) _ 2sT (1 - s) r2 (3^) 



Moreover, 



( Hi) There holds: 



^2 (2±a) r (3_a) Y^^-^) T (1 + s) 

A'{t) ~ -t-^l + t^^. 



tA'(t) 2 + a 

lim . , , = 

t^+oo A{t) 2 



4 = r + t^xA'fdt - ^i±^ r t-A^dt, (2.5) 

Jo 4 Jq 

(iv) In case a G ( — 1, 0], we have 



tA'{t) + ^A{t) < . 
Moreover for a E ( — 1,0) and all t > we have 

tA'it) + ^A{t) ~ -A{t) . 

Proof: We change variables in (12.21) by z = —t^ and define B{z) such that A{t) = B{—t^), whence 
At = —2tBz and Au = —^Bz + At^B^z- It then follows that B{z) satisfies the Gauss hypergeometric 
equation 

f 1 + a 3 + a \ , a{2 + a) 



z(l-z)B"+{— —z]B'-^- — '-B = 0, -oo<z<0, 

^ ^ * 2 2 / 16 



whose general solution is given by 



,'a 2 + a 1 + a \ (2- a 4-a 3-a 

B{z) = CiF^ ( +C2Z 2 F2 ( 



1^1 5 
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see IIASL Section 15.5 as well as 15.1 for the definition and basic properties of the function F. It follows 
that 

a 2 + a 1 + a ^ iTrj-L-a) f2 — a A — a 3 — a 2 



A{t) = CiF, -t'j + C2t'-''e^F2 -t' j . (2.6) 

Since F{a, /3, 7; 0) = 1 for any a, /3, 7, the condition ^4(0) = 1 implies that Ci = 1. We then have 
ds = - lim t^A'(t) 

= - lim t^(-2tFi + (1 - a)C2e^^t-''F2 - 2C2t^-''e^^ F') 

i7r(l — a) 

= -(l-a)C2e^^. (2.7) 
In the above calculation we have also used the fact that 

F'(a,/3,7;z) = -^F{a, (3,r, = — F(a + 1, /3 + 1, 7 + 1; z). 
az 7 

We next compute the behavior of A at infinity. To this end we will use the inversion formula, valid for any 

a, P, 7 and \arg{—z)\ < vr: 

Fia,f3,r,z)= rimrf ~"| (-^)""-^ 1 - j + a, 1 - /3 + a;- 

r(/3)r(7-a) V ^ 



+ 

We then calculate 



r(a)r(7-/3) V z 



lim t2A(t)= N +^26^^ ..i ^ ■ 

To make this limit equal to zero we choose 

' r2(2±-)r(3^)- 

Combining this with (12.71) we conclude 

. ,- _ (1 - «)r (^) (^) _ 2.r (i - .) (3^) 

r2(2±^)r(3^) r2(3^)r(i + s) ' ^ 

At this point both constants Ci, C2, in (12.61 ) have been identified. After some lengthy but straightforward 
calculations we find that as t — )• +00 

A{t) ~ A'{t) ~ . (2.9) 

In addition we get 

tA'(t) 2 + a 

hm , , , = . 

A{t) 2 

Using (12.4b and the above asymptotics, we easily conclude that the solution A is energetic, that is. 



/ t''{l + f){A'fdt+ / f'A^dtK 00. 
Jo Jo 

Multiplying (12.41 ) by A and integrating by parts in (0, 00) we arrive at (12.51) 



10 



To prove the positivity and monotonicity of A we next change variables by: 

= (1 s = l/t. 

It follows that B satisfies the equation 

(1 + s'^)^B" + (2 - a)s(l + s^)B' - —B = 0, sG (0, +oo) , 

with -B(O) = and B{+oo) = 1. A standard maximum principle argument shows that B is positive. 
Consequently A is positive and the monotonicity of A follows easily. 

The positivity and monotonicity of A in connection with the asymptotics of A yield easily part (ii) of 
the Proposition. 

Part (iv) follows easily from the monotonicity of A and part (ii). 

□ 

Using the asymptotics of A{t), from the previous Proposition we easily obtain the following uniform 
asymptotics for (p 



Lemma 2.3. Suppose a G (— 1, 1) and let (p be given by 



where A solves f l2.2l ). f l2. 
(\) Then 

Hx, y) ~ -2+^ , y > 0, X G 

[d^ + r ) 



4 



Concerning the gradient of (p, for a £ (—1, 0] we have 



whereas for a G (0, 1) 



|V(^,y)0(2;, y)\ ~ — — ^ 2+a , y > 0, xen 
(d^ + y^) 4 



y-a 

'^{x,y)4>{x,y)\ — ^ y>0, xen. 



(ii) If^l satisfies —Ad{x) > Ofor x G ft, then for a G (—1,0) 

-div(j/°V(/>)(/. ^ ^° i-dAd) , y>0, xgQ 
(d2 +y2) — 

whereas for a = 0, 

—div(V(j))(l) ~ 

We are now ready to give the proof of Theorem ll.il 
Proof of Theorem \l . 1 \ part (i) and (ii): We assume that s G 1) or equivalently a G (—1, 0]. We will use 
Lemma im with the test function given by 

</.(x,2/) = d-t(x)^(^^) , y>0, xGOciR", 



div{V(p)(l) -{-dAd) , y > 0, x£n. 
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where A solves (12.21 ). (12.31) . Using Proposition 12.21 and Lemma [231 we see that all hypotheses of Lemma l2.1l 



are satisfied. In particular, for t = | we compute, for x £ Q, 



lim ( y"-^ 

y->o+ 



lim 



lim t" , , w X I - ,1 . ^ — 



A{t) 



(2.10) 



We also have 



-div(y''V(/>) 



(t3 + t)A" + (a + t2(2 + a))A' + 



(2 + a)a 



(-dAd) ( tM' + -A 



i-dAd) ( tM' + -A 



therefore, 

From Lemma IZn we get 

y^\Vu\'^dxdy > 



div{y''V(j)) > , xGn, y > 0. 
u'^{x,0) 



d. 



dx + 



y'*|Vu — '^-^u\'^dxdy 



(2J1) 



from which the trace Hardy inequality follows directly. This relation wiU be used later on, in Sections |5] and 
|6]to obtain the Sobolev term as well. 

We continue with the proof of the optimality of the Hardy constant dg- Let 



Q[u] 



_ j^^ j^y'^\Vu\''dxdy _ N[u] 



n (ii-«(x) 



dx 



D[uy 



(2.12) 



We have that Q[u] > ds- Here we will show that there exists a sequence of functions such that 
lim£_>.o Q[ue] = ds, and therefore ds is the best constant. 

We first assume for simplicity that the boundary of Q is flat in a neighborhood V of a. point xq G dQ. 
The neighborhood of the point xq is assumed to contain a ball centered at xq with radius, say, 36. Locally 
around xq the boundary is given by x„ = 0, whereas the interior of 17 corresponds to Xn > 0. We also write 
X = (x', Xn)- Clearly, for x G n F we have that d{x) = x^- 

We next define two suitable cutoff functions. Let 4){x') G C^{Bs), where Bs C dil C iR"^^ is the 
ball centered at xq with radius 6. Also the nonnegative function G C°°{1R~^) is such that = 

for Xn > 2(5 and = 1 for < x„ < (5. We will use the following test function: 



Ue{x',Xn,y) 



h{xMx')XnlA{^), 
h{Xnmx')Xn^'A{^), 



We have that 



/o^°° Jo^^ Jb, dx'y^lV 

Jo Ibs ^^'t^ 



Q[Ue 



(2.13) 



(2.14) 



12 



Concerning the denominator we compute 



D[Ue 



^'^{x')dx' I x-'A\—)dxn + 0,{l) 



'1 /l2 



^'^{x')dx' 



hoo /1 2 



A\t) 



e/5 



dt + Oe{l). 



We next calculate the numerator. At first we break N into two pieces: 



+00 



dy+ / dy=:Ni[ue] + N2K]. 



Using the specific form of Ue and elementary estimates we calculate: 



N2[Ue] 



7p^{x')dx' 



dy I dxn 



2 Xfi J Xji 



(2.15) 



+ 



\Vij{x')\^dx' r'^dy [ dxny''x-''A\^) + Oe{l) 

Je Jo 

=: iV2iM + iV22H+0,(l). 
We note that as e — )• 0, 



iV22K] 



\VTP{x')\'^dx' I Xn I t''A'{t)dtdXn 



+a /l2/ 



Concerning N2i[ue], changing variables by t = we write: 



N21K] 



ip [x )dx I — 



+00 



'4p'{x')dx' 



+00 r+00 



t''A'^{t)+t'' (^A{t) + tA'{t) 



dt 



+ t2)^'2 + at^+^AA' + —fA^ 

4 



dt. 



Integrating by parts the term containing the factors AA' and then using the equation satisfied by A (cf (12.41 )) 
we get 



+00 
y/s 



^(1 + t^)A'^ + at^+M^' + —fA^ 

4 



dt 



+00 
y/s 



1 



(it + -ati+M2(i)| 



^ 5 



+ t^)A{t)A{t)\,^y_ + -ati+M2(t)|,=,, 



whence, 



N2l[Ue\ 



r+00 1 

'ilj^{x')dx' / -t''{l + t'^)A{t)A'{t)dt + Os{l). 

Je/S t 



It is not difficult to show that Ni[us] = Oeil), and therefore N[ue] = N2i[ue] + Oeil). Using also (12.151 ) 
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we can form the quotient 



- f ^Hx')dx' 'jt-{l + t^)A{t)A'{t)dt + 0,{l) 
limQluJ = lim • -^77-7 

= lim : ToTTs 



lim 



'e/5 t 

a^{l + a'^)A'{a) 



0-^0 A{a) 

ds, (2.16) 



where we used L'Hopital's rule and then part (i) of Proposition [ 

Let us now consider the general case. We assume that 317 is in a neighborhood of a point xq, which 
we take to be the origin G Thus locally dQ, is the graph of a function x„ = 7(2;'), with 7(0) = and 
V7(0) = 0. We also assume that the interior of corresponds to x„ > "f{x'). Then the following change 
of coordinates straightens the boundary in a neighborhood of the origin: Xi = Xi, i = 1,2, . . . ,n — I, and 

= — 7(3^'); sec S-g- LEJ> Appendix C. We assume that inside the ball -6(0, 35) (in the x-space) the 
image of dO, is flat. We then consider the test function Ve(x, y) = Ue{x, y). Clearly f£(x, y) is zero away 
from a neighborhood of the origin, say U, and elementary calculations show that 

VxVe = VxUe - Ue,xn^xl{x'), 

whence, 

\VxVe - VxUel < \^xl{x)\\y xUe\ = 05(l)|V^Ue|. 

It then follows that 

\^xVe\ = \VxUe\{l + 05(1)). 

On the other hand, for ic G [/ and d{x) = dist(x, 50), we have that 

d{x) = {Xn - 7(S'))(1 + |V^7(x')P)'/' = Xn{l + Os{l)). 

We finally note that the Jacobian of the above transformation is one and therefore dx = dx. We then 
compute 

Q[ve{x,y)] = Q[ue{x,y)]{l + os{l)), 

where Q[ue{x, y)] is given in (12.141 ). Since 5 can be taken as small as we like the result follows easily, using 
the calculations from the flat case. 

□ 

3 The Trace Hardy inequality II 

In this section we will prove the trace Hardy inequality contained in Theorem 11.41 We first establish the 
analogue of Lemma 12.11 

Lemma 3.1. Suppose that a G (—1,1) and let u G C^{M"' x M) such that n(-,0) G C^{^1). Let 
(t) G C2(iR" X (0, 00)) n C(K" X [0, 00)) is such that 0(x, y) > in JR" x [0, 00), 0(x, 0) = m x G 

\yahpy^\<V{x), yG(0,l), xGJR", < y(x) G LL(iR") . 
Moreover for a.e. x ^Vt, the following limit exists: 



lim { y 
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We also require that the following integrals are finite 

y°' ^'^f} u^dxdy, 



'0 JiR" 
We then have the identity: 

f +00 

.a|V7„.|2 



+00 



JR" 



JM" 



y^\Vufdxdy= - [ lim ( y''^^ u^{x,0)dx + [ y"|Vn-^ 

Jn y-^o+ \ 9 J Jo Jiw- 9 



The proof of this Lemma is quite similar to the proof of Lemma ITT] and we omit it. 
This time we will choose the test function to be of the form 



u\ dxdy 
(3.1) 



4>{x,y) 



(2/2 + d2)-fi3(-J) 



X e y > 
X £ cn, y > 



where function B is the solution of the following boundary value problem 

„2 



(1 + t^YB" + (2 - a)t{l + r)B' - —B = 0, te (-00, +00) , 
complemented with the conditions 

B{-oo) = 0, B(+oo) = 1. 
We note that this can be written in divergence form as 

((1 + ^2)1-1 - ^(1 + t2)-l-f = 0, teM. 



(3.2) 



(3.3) 



(3.4) 



(3.5) 



We next collect some properties of B that will be used later on. 

Proposition 3.2. Suppose that a € (—1,1). The boundary value problem ( jj. JD , di.^P has a positive increas- 
ing solution B with the following properties: 
( i) There exists a positive constant kg such that 



where 



( ii) We have 



( Hi) There holds: 



lim {l + f)^B'{t) =: ks , 

t— i> + 00 



2«r^(g^)r(^±^) _ 2i-2^ r\s + l)T{i-s) 
7rr(i^) ~ ~ f(^) 

B{t) ~ 1, t>0 
B{t) ~ (l + t^)-^ t<0, 
B'{t) ~ (l + t^)-^ tGiR. 



<^l + t^f^lB'\t) + ^{l + t^r^-''2B\t) 



(3.6) 



dt . 



(iv) In case a G (—1, 0], we have 

( 

Moreover for a € ( — 1,0) 



l + t^)B'{t) -^tB{t) > 0, t€M 



{l + t')B'{t)--tB{t)^{l + t')2, t>0 
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Proof: When a = the ODE can be easily solved by a straightforward integration. For the general case we 
first change variables by B{t) = (1 + t^)i f{t) to obtain 

(l + tV" + 2t/' + ^^^/ = 0. 
We next change variables by g{z) = f{t), z = it, so that g satisfies the equation 

{l-z')g" -2zg' + v{v + l)g = 0, ^ = -\- (3.7) 
The solution of this is given in IIASII . Section 8.1: 

,(,^ _ / C+Puiz) + CtQu{z), Imz > 0, 

^^^> \ C^PAz) + C^Quiz), Imz < 0. ^-"-^^ 

We also have that 

B{t) = (l + t^'^giit). 

The conditions then at infinity become 

lim f-^giit) = 1, lim {-ty g{it) = 0. (3.9) 

t— >+oo i— oo 

To find the constants in ( 13.81 ) we will satisfy the conditions at infinity (13.91 ) and we will match both g and g' 
at z = 0. That is we will ask 

g{+iQ) = g{-iQ), g'{+iQ) = g'{-iQ). (3.10) 

We recall from lASl Section 8.1 that for |z| > 1: 

Q^z) = Eiz-'^-^F 
where, 

^1 = ;;7 — ^ ) ^2 = — T^/-, , — ^ , -c/i ~ 



2'2'2'z2; V2'2 
u + 2 u + l 2u + 3 1 



) 9 / J 



z2 



From the asymptotics when t ±oo, we easily conclude that 



C7+ = ^, C^ = 0. (3.11) 

^2 



We next see what happens near zero. For \z\ < 1 we have that 

P.iz) = B,f(--,^,-;zA+B,zf(^,^,-;z^,, 



1 - + 2 3 2 

2'^ ' ' 



where the plus sign corresponds to Imz > and the minus to Imz < 0. The value of the constants are given 
by: 



1 1 



B, = B 



r(i^)r(^)' r(i±^)r(^)' 2r(i + f)' r(i±^^) 
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An easy calculation shows that the matching condition (13.101 ) yields 

C:^T2e'^- = CtB2 + CtT2e'^^-''\ 

from which it follows that 



ct 


ct 121 

= —e 2 ^ 


'B2 






2 




+ ^TT 




= — i-e 2 


'B2 


.Bi 




2 


.^2 





(3.12) 



Thus all constants in (13.81 ) have been computed (cf (13.111) and (13.121 )). and therefore g{z) is now completely 
known. 

The asymptotics of g for \z\ — )■ +00, are 

giz) = Cf^2z'' + (Cf Ai + CtEr)z'^-^ + o{\z\-^-^), 
g\z) = CfA2z^z"-i-(i/ + l)[CfAi + CfEi]z-^-2 + 0(|z|'^-3), 

where the plus sign corresponds to Imz > and the minus to lm.z < 0. We have that B{t) = (1 + 
t^)~2 g(it), whence we get 

B{t) = i^+'^C^Eii-t)-^''-^ + oii-ty^"-^), t ^ -00. 

Concerning the derivative, we have for z = it 

B'{t) = -ut{t' + l)-^i-'g{z) + i{l + tY'^g'iz). 

Whence, 

B'{t) = {2u + l)i^-'{C+Ai + C+Ei)t~^''-'^ + o{t~'^''~^), 

B'{t) = {2u + l)i^+^C:^Ei{-t)-^''-^ + o{{-t)-^''-^), t^-00. 

This completes the proof of part (ii) of the Proposition. 

We next give the proof of part (i). From (13.61 ) and the asymptotics of B{t) for t — )■ +00, we compute 



A2 V El Ti 



(3.13) 



Using the explicit values of the constants we calculate: 

El 2-^^-^ ttT^{1 + u) Ai 



sin(^i/) B2 _ 2sin(^) Bi _ 2cos(^) 

r7" 



vr 



A2 r(i + z^)r(|+z^) ' El 7rcos(7ri/)' T2 
Plugging these in (13.131 ) we conclude that (recall that i^ = — a/2 = s — 1/2) 



vr 



2~2u r2(i + ;,)r(|- 



2«r2(2^)r(i±^) 2i-2^r2(s + i)r(i-s) 



IT 



T{s) 



(3.14) 



To prove part (iii) we use part (i) and we integrate the ODE (13.51) . 

By standard maximum principle arguments the solution B{t) of (13.31 ) subject to (13.41) is positive and 
increasing. To prove part (iv) assuming that a S (—1, 0), we set f{t) = (1 + t^)^iB{t) so that 



(1 + t^)/" + 2tf + 



a{2 - a) 



/ = 0, 
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and a similar maximum principle argument shows that f{t) is also increasing. Since, 

/'(t) = (l + t2)-t-i [il + t')B'-^tB , 

we conclude that 

{l + t^)B' -^tB > 0, teM, a<0. 
Using the asymptotics of B, B' from part (ii) we conclude the proof of part (iv). 

□ 

Using the asymptotics of B{t) from the previous Proposition, we easily obtain the following uniform 
asymptotics for 

Lemma 3.3. Suppose a € (—1,1) and let cf) be given by 

' {y^+d')-iB{i), xen, y>0 



(y2+d2)-ti?(-^), xeCn, y>0 



where B solves (ED), (ES- 
(i) Then 



(/>(x,y) ~ 

Concerning the gradient of (p, for a G (—1,0] we have 

\V(l){x,y)\ 
whereas for a G (0, 1) 

|V,/.(x,y)| ~y-'^(y2 + d2)^, x G iR", y>0. 
(u.) IfVL satisfies —Ad{x) > 0/or x G 17, then for a G (—1, 0) 

-diY{y^V(P)<P ^° ,^A -dAd), y>0, xeQ, 

d{d^ + y^)~ 

whereas for a = 0, 

-div(V0)(/) ^ / {-dAd), y>0, XGJ7. 
a(d^ + y^) 

We are now ready to give the proof of Theorem 1 1.41 
Proof of Theorem \1.4\ part (i) and (ii): We assume that s G [|, 1) or equivalently a G (—1, 0]. We will use 
Lemma [37T] with the test function given 



4>ix,y) 



(y2 + d2)-4i?(|), xen, y>0 

{y^ + d^)-iB{-l), xeCn, y>0 



Using Proposition 13.21 and Lemma [331 we see that all hypotheses of Lemma [3?T] are satisfied. In particular 
we compute 
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We also have for x G 17 and t 



>0, 



div(y"V(^) 



1 + ryB" + (2 - a)t(l + t^)B' - —B 



fl + t^)B'--tB 



ya+i^y2 + d'r-^-^i-Ad) [{1 + t')B' - ^tB 



(3.16) 



whereas for x G Cfi and t 

- div(2/°V0) 



I < 0, we have 



^1 + t^fB" + (2 - a)t(l + t^)^' _ 



+y''+\y' + d^)-4-i(Ad) [(1 + t')B' - ^tB 
= y^+Hy' + d')-^^-\Ad) [(1 + t^)B' - "-tB 
Therefore under our assumption on Q. it follows from Proposition 13 . 2 1 that 

-div(y"V</>) > 0, X G JR", y > . 

We now use Lemma [3?T] to get 



(3.17) 



li2(x,0) 



dx + 



u\ dxdy 



(3.18) 



from which the trace Hardy inequality follows directly. This relation will also be used later on, in Section [5] 
and[6]to obtain the Sobolev term as well. 

We next prove the optimality of the Hardy constant. We will work as in section [2l Let 



1 _ !,a,.y''\yu\Hxdy _ iVM 



(3.19) 



We will show that there exists a sequence of functions such that lim£_^o Q[^e\ < ^s. and therefore kg is 
the best constant. 

We first assume that the boundary of is flat in a neighborhood [/ of a point xq G dO.. The neighborhood 
of the point xq is assumed to contain a ball centered at xq with radius, say, 3(5. Locally around xq the 
boundary is given by x„ = 0, whereas the interior of corresponds to x„ > 0. We also write x = (x', x„). 
Clearly, for x G 17 n [/ we have that d{x) = x„. 

We next define three suitable cutoff functions. Let ^^(2;') G Cq°{Bs), where Bs C (9f7 C iR"^^ is the 
ball centered at xq with radius 6. Also the nonnegative function h{xn) G C°°(JR) is such that /i(x„) = 
for \xn\ > 26 and h{xn) = 1 for |x„| < 5. We also assume that /i(x„) is symmetric around x„ = 0. Finally 
let x{v) G C^{1R) be such that < xiv) < 1. and xiv) = 1 near y = 0. 

We will use the following test function: 

Ue{x',Xn,y) = x{yMxn)Hx'){y^ + xl)-^^+^^B{^), X G JR", y > 0. (3.20) 



Using the asymptotics of B{t) we easily see that 

U£(x',x„,0) = 



h{Xn)tp{x') 

0, 



(I I £ 

2^2 



X G 17 

X G cn. 
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We then compute 



D 



r r+oo 

W] = I i>'^{x')dx' / h?{xn)x~ 
Jm"-^ Jo 



^+'dXr 



(3.21) 



Concerning the numerator, a straightforward calculation shows that 



|V((y^ + x^)-4 + 4i?(^))| , 

y V 2 2 



+ 



2/" 



It is then easy to show that 



N[us 



ilP'{x')dx' 



M Jo 



y 



dydxn + Oe{l) 



a e 



2 + 2) ^y' + - 



y 



To estimate the double integral above, we first break the x„-integral into two pieces: from minus infinity to 
zero and from zero to infinity. We then change variables in both pieces hy t = Xn/y, thus going from the 
{xn,y) variables to (x„, t). After elementary calculations we arrive at 



+00 



X 



2 I ■^ri 



'4}^{x')dx' I h^{Xn)Xn^^'^dXn 



W ^' \ 2 2 



2^-l-f+f 



dt + 0,{l) 



2^-l-f+f 



-B\t) 



Forming the quotient we obtain 

Q[Ue\ < / ^^-^ 

J —00 rl 

We finally send e to zero to get 

/+00 
-00 

the last equality follows from Proposition l3.2r iii). 

The general case where is not flat is treated in the same way as in section |2] 



(^l + t')i-^,B'Ht) + ^il + t')-'-^2B\t) 



dt + Oeil) 



dt 



(3.22) 



□ 



4 Some Weighted Hardy Inequalities 

In this section we establish some new weighted Hardy inequalities that will play a crucial role in establishing 
trace Hardy-Sobolev-Maz'ya inequalities. 
We first prove the following: 

Lemma 4.1. Let Q, C be such that — A(i(x) > for x G il. If A, B, T are constants such that 
A + l>{), B + l>Qand2T<A + B + 2 then for all v G C^iM^ x IR) there holds 

(B + l)(B + A + 2-2T+) /■+°° f y^d^ , , 

f y^d^+^ /•+°° f y^d^+^ 

where = max(0, T). 
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Proof: Integrating by parts in the x-variables we compute 

If r < the result follows easily. In the sequel we consider the case F > 0. In the previous calculation 
there is no boundary term due to our assumptions. To continue we will estimate the middle term in the right 
hand side above. To this end we define the vector field F by 

^ ( y^d^+^Vd _y^^^d^\ 



We then have 



/ / dwF\v\dxdy = - / F-V\v\dxdy< / / \F\\Vv\dxdy. (4.4) 

Jq Jn Jq Jn Jo Jn 



We note that because of our assumptions A + 1 > and i? + 1 > 0, there are no boundary terms in (14.41 ). 
Straightforward calculations show that 

- v'^d^+^iAd) v'^d^^^ 

and 

yA^B+2 y^dB+l 

< A, . ,.r - (4-6) 



' ' (d2 + y2)r+i/2 - (d2 + y2)r- 
From (I44l)-(|431) we get 

Combining the above with (14.21 ) we conclude the proof. 



□ 

We will also need a version of the above Lemma in case where A + B + 2 = 2F. In this case we have: 

Lemma 4.2. Suppose that Q C iR" has finite inner radius and is such that — Ad(x) > 0/or x ^ Vt. If A, 
B are constants such that A + 1>0, i? + l>0, then for all v G C^{IR"' x M) there holds 

B + 1 r v^d^X^ 



^ " 'v\dxdy < (4.7) 



A + B + SJo yn(d2+y2)^ 

r+°° r y^d^^^X /■+°° f y^d^+^X 

/ / T~n A+B+2 {-Ad)\v\dxdy + / / — „, a+b+2 \yv\dxdy 

Jo JQ{d^ + y^) 2 Jo Jn{d^ + y^) 2 

where X = X{^) and X{t) = (1 -lnt)-\ < t < 1. 
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Proof: Integrating by parts in the x-variables we compute 

(B + l) — A+B+2 \v\dxdy + 2 / /— A+B+2 \v\dxdy 

Jo Jn{d^ + y^) 2 Jo Jn{(p + y^) 2 

JO Jn {(P+y^) 2 Jo Jn{(P + y^) 2 



/ / .^.^j V^dx^z/. (4.8) 

Jo Jn [cP + 2 



In the previous calculation there are no boundary terms due to our assumptions. To continue we will 
estimate the middle term in the right hand side above. To this end we define the vector field F by 



2 



We then have 



/ / dWF\v\dxdy = - / F-V\v\dxdy< / / \F\\Vv\dxdy. (4.10) 

Jo Jn Jo Jn Jo Jn 

We note that because of our assumptions ^ + 1 > and B + I > 0, there are no boundary terms in (14.101 ). 
Straightforward calculations show that 

. y^d^+^XjAd) , y^d^+^X^ 

"^'^^=770 +— „. A+B+4 , (4.11) 

and 

F = — < — (4 12) 

{d^ + y2) 2 ((P + y2) 2 

From (I4.10I )- (I4.12I ) we get 

y^d^+^X"^ 

O (d2 + y2) 2 

/•+~ r y^d^+^X f^°° f y^d^+^X 

- / / 77^ -A+B+4i-M\v\dxdy + / / — --^^^\Vv\dxdy. 

Jo Jn(d^ + y^) 2 Jo Jn[d^ + y^) 2 

Combining the above with ( 14.81 ) we conclude the proof. 

□ 

Without imposing any geometric assumption on Q we have the following result that will also be used 
later on. 

Lemma 4.3, Let Jl C M^. If A, B,T are constants such that A + 1>0, i? + l>0 and 2T < A + B + 2, 
then there exist positive constants ci and C2 such that for all v € Cq°{]R^ x M) there holds 

y'^d^ 

-^^^—^\v\dxdy (4.13) 
.+00 r yA^B+l .+00 . yA^B+1 
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Proof: Here we will use the fact that dVt is uniformly Lipschitz. Let {Ui} be a covering of fi^ = {a; G : 
dist(x, dO) < e} and let 0j be a partition of unity subordinate to the covering {Ui}. We then have 

In each [/« we straighten the boundary and use the equivalence of the distance function to the regularized 
distance as well as to the difference Xn — fi{x') (see lH section 3.2, or D section 12.2) and obtain 



—2- — iTr^\(t)iv\dxdy <C / — ^\(j)iv\dxdy 

[d^ + Jo J Ml + y ) 



for some constant C independent of i. We next use Lemma |4~T] to estimate the right hand side of this, thus 
obtaining 



—2- — ^\(l)iv\dxdy <C / — ^\V{(t>iv)\dxdy 

J Ri [t'^ + y'r Jo Jniit^ + y^Y 

r+oo r yA^B+1 r+oo r- yA^B+1 

/ 772— T2^^'^»l^^l^^^y + C' / / TTJT^wl^'^ill^l^^'^y 

Jo JiRi +y ) Jo Jm^ +y ) 

Hence, returning to our original variables we have that 

y 



JuA<P + y^Y 



\(j)iv\dxdy 



Summing over i we get that 

J +y2^r \-\d^dy 

hoo f ^^A^B+1 /■+00 I- ^^A^B+1 



yA^li+1 r+oo r yA^a+1 

—2- — ^\Vv\dxdy + C2 / / — :^\v\dxdy 



The result then follows easily. 



□ 



When working in the complement of U we have the following surprising result: 

Lemma 4.4. Let ^1 C iR". If A, B,T are constants such that ^ + 1>0, S + 1>0 and 2T < A + B + 2 
then for all v G Cq'{]R^ x ]R) there holds 

{A + l){A + B + 2-2r+) / -f-—^\v\dxdy< (4.14) 

Jo Jen I" + y j 

r+oo r A+2^B+1 r+oo r A+l^B 

where = max(0, F). 

We note that no assumption on the sign of —Ad is required. 
Proof: Integrating by parts in the y-variable we compute 

/■+°° f yA^B r+oo r- yA+2^B 

r+oo r yA+l^B 
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If r < the result follows easily. In the sequel we consider the case F > 0. In the previous calculation 
there is no boundary term due to our assumptions. To continue we will estimate the first term in the right 
hand side above. To this end we define the vector field F by 

F{x, y) :- 1^ + y2)r+i ' (^2 + y2)r+i J ■ (4. 16) 

We then have 

I I divF\v\dxdy = - / F-V\v\dxdy< / / \F\\Vv\dxdy. (4.17) 

Jo Jen Jo Jen Jo Jen 

We note that because of our assumptions yl + 1 > and B + I > 0, there are no boundary terms in (14.171 ). 
Straightforward calculations show that 

divF=^^— 5 ^^^ + {A + B + 2-2T)—§- (4.18) 

{d^ + y2)r+i ^ {d^ + y2^r+i 

and 

y^+^d^ y^+^d^ 



(^2 + y2)r+i/2 ^ ((|2 + y2)r • (4. 19) 

Combining the above we conclude the proof. Again, we note that in all integrations by parts there are no 
boundary terms due to our assumptions. 

□ 

As a consequence of Lemma |4~T] we have: 

Lemma 4.5. Let n C ST be such that -Ad{x) > 0, for x £ Q and w G C^{Sr x M). If A, B, T are 
constants such that A + 1>0, -B + 1>0, and 2T < A + B + 2, then, 

B + l)\B + A + 2-2r+f f+°° f y^d^ 2r, . ... 

' ' w dxdy < (4.20) 



4(5 + ^ + 2)2 J, J^(d^ + y2)r 

{B + l){B + A + 2-2T+) f jj^d^ 2rr^ f y^d^^' ,^ , 

where = max(0, T). 

Proof: We apply Lemma |4TT] to v = uP'. To conclude we use Young's inequality in the last term of the right 
hand side. We omit the details. 

□ 

In the case where AA- B + 2 = 2T the analogue of Lemma 1421 reads : 

Lemma 4.6. Suppose that Vl C iR" has finite inner radius and is such that — A(i(x) > 0/or x £ Vt. If A, 
B are constants such that ^+1>0, -B + 1>0, then for all w G C^{1R"' x ]R) there holds 

B + 1 \^ f+oo f yA^Bx^ 

A+B+2 w dxdy < (4.21) 



2{A + B + 3)J Jo Jn{d^+y^)^ 

B + 1 f+°° f y^d^+^X , 2. . /"^°° /■ y'^d^^^ 



/ / 77, A+B+2 {-^d)w dxdy + / / — dxdy 

Jo Jn d^ + v^) 2 Jo Jn d^ + v^) 2 



2(^ + 5 + 3)70 Jn{d^ + y^)^^ Jo Jn{d^ + y2)^ 

where X = X{^) and X{t) = (1 - lnt)-\ < t < 1. 

Proof: We apply Lemma |42l to v = w"^. To conclude we use Young's inequality in the last term of the right 
hand side. We omit the details. 

□ 

In the case of half space a more delicate result is needed. More precisely we have: 
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Lemma 4.7. Let v € C^{W x M). If < A < ^, B + 1 > 0, and 2r < A + B + 2, then the following 
inequality holds true: 



Co / — " . \v\dxdy < / . o o.r N^ldxdy , (4.22) 

Jo J Ml {xl + y^y-^ Jo J Ml (4 + yv^ 

where 

A{B + 1){B + A + 2 - 2r+) 
^ ~ {A + B + 2){A + 2B + 2)- 2T+{B + 1) ' 

The same result holds true if we replace IR^ by Ml with in the place ofxn- 

Proof: We will use polar coordinates, Xn = r cos 6, y = r sin 9. We first establish the following inequality 
for the angular derivative. 

A [\sm9)-^{cos9f\v\de < {1 + A + B) [ \sm 9)^+"^ (cos 9 f\v\d9 
Jo Jo 

f'~ 

+ \sin9)'^{cos9f+^\v0\de. (4.23) 
Jo 



We have 

d 



-^((sine)^(cose)i+^) = ^(sin 0)^-1 (cos 0)2+^- (1 + 5) (sin 0)^+1 (cos 0)^ 
d9 

= A{s\n9)^-^{cos9)^ - {1 + A + B){s\n9)'^+^{cos9)^ 
therefore an integration by parts gives: 

A I \sm 9)^^^ {cos 9)^ \v\d9 < {1 + A + B) [ \sm 9)^+"^ {cos 9)^ \v\d9 
Jo Jo 

IT 

+ [ \sm9)'^{cos 9)^+^ \ve\d9 . 
Jo 

Since A < i we also have that (sin 9)~^ < (sin 9)^~^ and (14.231 ) follows. 

We next multiply ( 14.231 ) by j'-4+B+i-2r integrate over (0, oo) to conclude: 



r+oo r-+oo -A B f+oo f+oo 1+A B 



{xl + y2)r+ 



-\v\dxndy 



I-+00 r+oo A 1+B 



Jo 



r+oo r 

< {l + A + B) / / 
JO Jo 



oo /•+00 y^x^ 

{xl + ;2y \-\d-ndy 



I-+CO r+co A^l+B 

+ / / /^-f^\Vv\dxndy . (4.24) 

Jo Jo [xi + y^y 

We next estimate the first term in the right hand side by using Lemma I4TT1 that is, 

(I? + l)(i3 + ^ + 2-2r+) /■+°° y^x^ , I , , . /■+°° y^x^+^ ,^ 

B + A + 2 Jq Jq {x^ + y^y Jq Jq {x^ + y^y 

A further integration in the other variables completes the proof. 

□ 
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5 Half Space, Trace Hardy & Trace Hardy-Sobolev-Maz'ya Inequalities 



Here we will prove the trace Hardy and trace Hardy-Sobolev-Maz'ya inequalities appearing in Theorems 
|1.2| and [L6l We start with the trace Hardy inequalities. 

5.1 Half Space, Trace Hardy I & II 

In this subsection we will provide the proof of the trace Hardy inequalities appearing in Theorems 11.21 and 

\m 

Proof of Theorem\L2\part (i) and (ii): The case where s G 1) is contained in Theorem ll.il We next 
consider the case s G (0, ^) or equivalently a G (0, 1). 

We will use the notation x = {x', x„) G iR" with Xn > 0. We will use Lemma |2?T] with the test function 
4> given by 

(t){x,y) = Xn^A( — \ , y>0, x„>0,xGiR+, 

where A solves ( 12.21 ). ( 12.31) . Using Proposition 12.21 and Lemma [23] we see that all hypotheses of Lemma |2.1| 
are satisfied. In particular, for t = we compute, for x G M^, 



lim ( y' 



Xn 



We also have 

-div(y"V(/>) = 0, y > 0, x e Ml . 

From Lemma im we get 

[ y''\Vu\'^dxdy>ds f ^^-^T^dx+ [ y''\Vu -^u\^dxdy (5.1) 

JQ JttVl Xn Jo J]R^ 9 

from which the trace Hardy inequality follows directly. This relation will be used later on, to obtain the 
Sobolev term as well. 

The optimality of ds follows by the same test functions given by (12.131 ) as in the flat case of Theorem 
11.11 The fact that a covers the full interval (—1, 1) does not affect the calculations leading to (12.161) . 

□ 

Proof of Theorem lL6\ part (i): The case where s G 1) is contained in Theorem 1 1.41 We next consider 
the case s G (0, ^) or equivalently a G (0, 1). We will use Lemma |3?T] with the test function (f) given 

(t>{x,y) = {y^ + xly-^Bi^), y > 0, Xn e M . 

y 

Using Proposition 13.21 and Lemma [331 we see that all hypotheses of Lemma [3TT] are satisfied. In particular 
we compute 

y^0+ V (P{x,y) J x'n 

An easy calculation shows that 

-div(y''V</>) =0, X G JR", y > . 
We now use Lemma [3TT] to get 

/ y^\Vu\'^dxdy>ks [ ^^-^^dx+ [ y^\Vu -^u\'^dxdy (5.2) 

Jr" JIR\ Xn " Jo J m.^ 9 

from which the trace Hardy inequality follows directly. This relation will also be used later on, to obtain the 
Sobolev term as well. 

The optimality of ks follows by the same test functions given by (13.201 ) as in the flat case of Theorem 
11.41 The fact that a covers the full interval (—1,1) does not affect the calculations leading to (13.22b . 

□ 
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5.2 Half Space, Trace Hardy-Sobolev-Maz'ya I & II 

Here we will give the proof of the trace Hardy-Sobolev-Maz'ya inequalities of Theorems 1 1.21 and 1 1.61 We 
will first establish different trace Hardy-Sobolev-Maz'ya inequalities where only the Hardy term appears 
in the trace, and which are of independent interest. 

Theorem 5.1. Let < s < 1 and n > 2. There exists a positive constant c such that for all u G C^(iR" x 
M) there holds 

n — 2s 



u (x 0) I r^°^ r 2(n+i) 
y^~'^''\'^{x-y)u{x,y)\'^dxdy>ds I 2^"'^^+'^ / / \u{x,y)\~^^ dxdy 



J]R1 JjRI \Jo J Ml 



(5.3) 



with 



4 



Proof of Theorem \5A\ From the proof of Theorem 1 1.21 we recall the inequality (15.11) . that is 



y''\Vu\^dxdy>ds [ ^^-^j^dx + T [ y^\Vu - ^u\'^dxdy , (5.5) 

J Ml J Ml Xn " Jo J Ml 



where (p is given by 

(p{x,y) = Xn^A(— ] , y>0, x„ > 0, x £ IR\ , 

and A solves (|Z21 ). (1231 ). 

The result will follow after establishing the following inequality: 



y^\Vu — u| dxdy > c \ / / |tt|"+°-idxd?/ . (5.6) 

Jm^i 9 \Jo Jm'i J 

To this end we start with the inequality, see fM], Theorem 1, section 2.1.6, 

2n-\-a 

r + °° f a ( r + °° f 2(n + l) \ 

/ / y^\Vu\dxdy>c[ / / \u{x,y)\^^^ dxdy ] , ueC^{MlxlR) , 

Jo Jmi \Jo Jm\ J 

2n + a 

with the choice u = cpn+a-i y_ Hence we obtain 

+ °° /■ a 2n + a 2n + Q f + '^ f a n + 1 

/ y2 (pri + a-l^^/y^dxdy -\ / / ?/ 2 n + a- 1 | V(/) | | y | (^2;^^ 

J Ml n + a — 1 Jq Jjun 



+ ~ r 2n + a 2(„+l) \ 



>c / / \(l)"+'^-^v\ ■2"+'^ dxdy \ . (5.7) 

\Jo Jmi J 

Next we will control the second term of the LHS by the first term of the LHS. To this end we consider two 
cases. Suppose first that s G [^,1) that is a G (—1, 0]. Using the asymptotics of Lemma [23] we get that 



£ "+l I. , ,, y^Xn'^" ^ 

y 2 + I V(^| ~ 



(2+a)(2n + a) ' 
{Xl + 4(n+a-l) 
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whereas, 

y2(hn + a-l (5 8) 

y ^ (2+a)(2n + a) ' \-'-"J 

{Xl + 4(n + a-l) 

The sought for estimate then is a consequence of Lemma |4TT] with the choice: A = ^, -B = ^"^^-^ and 
r = ^^4(n+a-t)°'' t^rig into account that 

2(n + a-l) 

We next consider the case a G (0, 1). Using again the asymptotics of Lemma 123] this time we have that 

g , "+1 y~^Xn"^""^ 

y2<pn + a-l\y^\ (2 + .)(n + l) , 2-a ' 

+ 4(n+a-l) + 4 

whereas, (15.81 ) remains the same. The sought for estimate now is a consequence of Lemma 14.71 with the 
choice A= ^,B = ^±iy and T = ^^^^ account that 

2' n+a—1 4(n+a—l) 

(2-a)(n-l) 

A + B + 2-2T = ^ ^-^ > . 

2(n + a- 1) 

Therefore for any a G (—1, 1) we arrive at: 

2n + a 



'■+°° r „ 2n + a f /■ + ~ f 2n+a 2(n + l) \ ^(" + 1) 



/•+00 r 
Jo J E 



y 2 (^n+a-i |Vt;| > c / / 2"+a (fxdy . (5.9) 



2n + a 



To continue we next set in ( 15.91 ) = |w| n+a-i and apply Schwartz inequality in the LHS to conclude after 
a simplification 

n-j-a — l 

hoc r I r^oo r o/., i i\ \ "+i 



y"'(l?\Vw\'^dxdy > c\ I I \(t)w\"+'^-^dxdy \ , (5.10) 

J Ml \Jo J Ml I 



2(ti+1) 



which is equivalent to (15.61 ). 

□ 

Proof of Theorem \L2\ part (in): Our starting point now is the following weighted trace Sobolev inequal- 
ity, see llMl, Theorem 1, section 2.1.6, 



2n-\-a 
2n 



[ [ y^\Vu\dxdy>cl [ \u{x,0)\^dx] , u e {Ml x M) . 
Jo Jm'i \Jmi J 

2n + a 

Again we set u = (jj^+a-i to obtain the analogue of (15.71 ). 

+ ~ /■ a 2n + a 2n + a f^"^ f a n + 1 

/ y2(l)"+a~i\\/v\dxdy-\ / / y 2 |V(/)||v|dxdy 

Jmji n + a — 1 Jq jjjn 
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2n 



(/" 2n + a 2n \ " 

y |0^^+^(x,O)i;(x,O)|^cixj . (5.11) 



As in the proof of Theorem 15. II we control the second term of the LHS by the first term of the LHS to arrive 
at 

2n-t-a 

f a 2n + a I f 2n + a 2n \ ^" 

/ y2(j)n+a~i\^y\(]^xdy>c\ / (x, 0)t;(x, 0)1 

J Ml \Jm1 I 
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2n + a 

Again, we set w = |w| and apply Schwartz inequality in the LHS to arrive at 



i , 1 1 , - 2n + a 

,a J,2|V7„.,|2, 



' / ''+°° I- 2(n+l) \^ I r 2n 



y'*!?^ iVtfj dxdy \ / / "+"-ic?a;(iy >c / |((/>w)(x, 0)| 



We next use ( I5.10I ) to conclude after a simplification 



-oo 



^JR" 



/ l(</'^)(3 



2n 



which is equivalent to 

y"'\Vu -^ul^ dxdy > c \ I 0)| 



J1R\ 9 \J]R^ 



Combining this with inequality (15.11 1 we conclude the proof. 

n 

We next present a preliminary result which will play an important role towards establishing the Hardy- 
Sobolev-Maz'ya II of Theorem 1 1.61 

Theorem 5.2. Let < s < 1 and n > 2. There exists a positive constant c, such that for all u G 
C^{W X M) with u[x, 0) = 0, X E M}_, there holds 



U^X,0) , / /■+~ f , , 2(n+l) 



'^''\'^{x,y)u{x,y)\''^dxdy > ks —^^^-^dx + c[ j \u{x,y)\ ^-2"' dxdy 

(5.12) 



n — 2s 

n+1 



where 



2i-2«r2(s + i)r(i-s) 



is the best constant in A5.12\l . 

Proof: From the proof of Theorem 1 1.41 we recall the inequality (I3.18I ). that is 

[ y^\Vu\^dxdy>~ks [ '^^T^dx+ ( y''\Vu -^u\'^dxdy , (5.13) 

Jo Jm." Jmi Xn Jo Jm." 4> 

where cf) is given by 

(t>{x,y) = {y'^ + xl)--iB{^), y > 0, x„ G , 

y 

and B solves (l33]l, ( |34b . 

Again, the result will follow after establishing the following inequality: 

1 n+g— 1 

/■ + °° f V(h n ( /• + °° { 2(n + l) \ n + 1 

/ / y°'\^u —uYdxdy'>c\ / / \u\-^+'^-^ dxdy \ . (5.14) 

Jo J IR" 9 \Jo JiR" / 

To this end we start with the inequality, see ||Ml^ Theorem 1, section 2.1.6, 

1 1 2n+a 

/■ + °° fa ( /■ + °° /■ 2(n + l) \ 2(n+l) 

/ / y2|Vn|da;c?y>c / / \u{x,y)\'^^ dxdy] , u e {M'' x M) , 

Jo Jm" \Jo Jr" J 
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2n-\-a 

with the choice u = (h'^+a-i v. Hence we obtain 



f + °° f a 2n + a 

Jo Jm" 



n + a — 1 



2n + a f^°° f a _ n+l 

y2(pn+a-i \ \/ (l)\\v\dxay 

^iR" 

2n-{-a 

( r + °° r 2u + a 2(n + l) \ 

>c(y y |</'"+''-if| 2"+'^ dxdy j . (5.15) 

Next we will control the second term of the LHS by the first term of the LHS. To this end we consider 
various cases. Suppose first that s S 1) that is a G (—1,0] and x € iR". Using the asymptotics of 
Lemma [33] we get that 

a 

a n + 1 y 2 

y2 0„ + .-l|V0| + ,. + 2 ' 

{Xl + y2)4(n + a-l)+ 4 

whereas, 

a 

a 2n + a 7^ 2 
y2,/,n + a-l ^ ^(2^- (5-16) 

+y2)4(n+a-l) 

We now apply Lemma |4~T] with the choice: A = ^, B = and F = 4('^^"a-i) "I" taking into account 
that 

2(n + a-l) 

Thus we get for some positive constant c that 

a 2n + a f' + OO f- ^ n + 1 

y2(j)n+a-i\\/y\dxdy>c / / y2 (j)r^+a-T-\V(j)\\v\dxdy . (5.17) 
Ml Jo J]R\ 

We next consider the case a G (0, 1), x S iR" . In this case 



a n+1 y 2 

y2^„ + ,_l|V</,| ^ .(„ + l) o-g ' 

+y2-)4(n + a-l)+ 4 

whereas, 

a 

a 2n + a 7/ 2 

+y2)4(n + a-l) 

We now use Lemma 1477] with the choice A = |, S = and T = ^ + 4°|f^^j-| taking into account that 

(2-a)(n-l) 



r < 1 and ^ + 5 + 2 - 2r = ^^7T"_",V > 0- We then conclude that Kvh is valid for all 



^-^-^ ^ ^ ^ ^ ^ . 2{n+a-l) 

aG (-1,1). 

In a similar manner for all a G (—1,1) and x G JR" we get that 

a , (l-a)(n + l) 
a n+1 V ^ n+a-1 

y 2 0n + a-l |V(/)| 



(2-a)(2n+a) ' 
(a;2 + y2) 4(n + a-l) 



whereas, 

g . (l-a)(2n+a) 
a 2n + a n + a — 1 
y-,^^^ y . (5.19) 

{xl + 4(n + a-l) 

This time we use Lemma 113] with A = -^+ , 5 = and T = ^^""^^^"^^ noticing that 

^ + i? + 2-2r = i^f^li^>0, 
2(n + a-l) 
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thus obtaining 

"+°° f a 2n + a , , f + '^ f a n + 1 , , 

/ y2(j)«+o-i\\/v\dxdy > c / 1/2 (^"+"-1 |V(/>||u|dxdy . (5.20) 

Jmi Jo Jki 

Combining (15.171 ) and (15.201) we obtain the following Hardy estimate on the whole ]R^: 

/■ + °° f a 2n + a , , r + °° f a n + 1 , , 

/ / y2(pn+a-i\\/y\(lxdy > c / y2(f)r^+'^--t-\'V(j)\\v\dxdy . (5.21) 

JO ijR" Jo Jr" 

Using this in ( 15.151 ) we get that 

2n + a 

/■ + °° /■ a 2n + a / f + '^ f 2n + a 2(n + l) \2(n + l) 

/ / y2 0n+a-i |V?;|dx(iy > c I / / \(f)"+<^~'^v\ ^n+a dxdy \ . (5.22) 

Jo Jm" \Jo Jm" J 

I 1 2n + a 

To continue we next set in (15.221 ) v = \w\ and apply Schwaitz inequality in the LHS to conclude 
after a simplification 

n + g — 1 

/■ + °° /■ o O / /■ + °° /■ 2(n + l) \ »+l 

/ / y"-(l)^\Vw\^dxdy > c[ / / \(j)w\"+^-^ dxdy ] , (5.23) 

JO JiR" \Jo Jm" J 

which is equivalent to ( 15.141) . The result then follows. 

□ 

We are now ready to establish the Proof of Theorem ll.6l part (ii). 
Proof of Theorem lL6\ part (ii): Again we will use inequality (15.131 ). This time the result will follow once we 
will establish the following inequality: 



[ I y'^\Vu-'^u\'^dxdy>c( [ 0)| "+"-1 ) , (5.24) 

Jo Jmr^ v \Jfci I 



with (j) given by 



y 

and B solves ^3, (l34l) . 

Our starting point is again the following weighted trace Sobolev inequality, see |M|, Theorem 1, section 
2.1.6, valid for functions u G C^(iR" x IR) with u{x, 0) = 0, x G 

( 2n + a 
/ 1^(2;, 0)1 2n + a(ix ] 
JlR\ j 

2n + a 

We set u = (j)^+'^-'^v to obtain 

r + ^ f a 2n + a 2n + O /■ + °° f a ^ n+1 

/ / y2 0n+a-i |Vy|c(xa7/ H / / y2(pri+a-i^sj(i)\\y\dxay 

Jo Jm" n + a-1 Jo J^n 

( 2n + a 
j |0Tr+^(x,O)?;(x,O)|5^dx 1 . (5.25) 



Combining this with (15.211) we get that 



2n 



a 2n+a I I 2n + a 2n 

y2(^n + a-l IVuldxd?/ > C / |(/)" + 'i-l(x,0)f(x,0)|2n + ac?a; . (5.26) 

Jmp \JiR" J 
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2n-\-a 

We set V = \w\ and apply Schwartz inequality in the LHS to arrive at 

°° f 9 9 \^ f 1"^ f \ 2 ( f 2n \ 

/ y'^(t)\V'w\^dxdy\ I I \(f)w\-^+''-^ dxdy \ >c\ \{(pw){x,0)\"+'^-'^ dx \ 
Jm" J \Jo Jm" ) j 

We next use the Sobolev inequality ( I5.23I ) to conclude after a simplification 



□ 



I [ y°-(j?\Vw\'^dxdy>c\ [ | (x, 0) | , 
Jo Jm." \JiR'i J 

which is equivalent to ( I5.24I) and the result follows. 

6 The General Case, Trace Hardy-Sobolev-Maz'ya I & II 
6.1 Trace Hardy-Sobolev-Maz'ya I 

Here we will give the proof of Theorem 11.11 part (iii). We first establish the following Hardy-Sobolev- 
Maz'ya where only the Hardy term appears in the trace term. 

Theorem 6.1. Let ^<s<l, n>2 and ^ M"' be a uniformly Lipschitz domain with finite inner radius 
that in addition satisfies 

-A(i(x)>0, a; G . (6.1) 

Then there exists a positive constant c such that for all u £ C^(il x M) there holds 



CO r- _ j- y2^^ Q\ / r+oo r- 2(n+l) \ 

J^y^~^''N{x,y)uix,y)\'^dxdy > ds ^^^^^^ dx + c\^J^ \uix,y)\ "-2» dxdyj 



n — 2s 
n + 1 



(6.2) 



with 

2r(i-s)r2'a±22 



Proof of Theorem \6J\ From the proof of Theorem 1 1.1 1 we recall the inequality (12.111 ). that is 

y^\Vu\'^dxdy> ds f ^^^^^dx+ /"^°° f y^\Vu - ^u\'^dxdy 



Jn Jn "(x) Jq 



Jn 



^^^^^u^dxdy , (6.4) 



where (f) is given by 

<P{x,y) = d-^2{x)A{y^, y>0, xSO, (6.5) 



and A solves (112] ). (1231 ). 

The result will follow after establishing the following inequality: 

1 1 n+a—l 

y \\/u — — n| dxdy— / udxdy>c{ / / \u[x,y)\"+'^-^ dxdy \ 

Jn 9 Jo Jn 9 \Jo Jn J 

(6.6) 

To this end we start with the inequality, see IMJ. Theorem 1, section 2.1.6, 

2n-\-a 



10 Jn 



f a ( /■ + °° f 2(n+l) \ 2(n + l) 

/ y'^\\Iu\dxdy'>c\ \ \ \u{x,y)\'2^+'^dxdy\ , ueC^{QxlR) 

Jn \Jo Jn J 
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2n-\-a 

with the choice u = y_ Hence we obtain 

a 2n + a 2n + fl f^"^ f a n + 1 

y2(pn+a-iis^yi(lxdy-\ / / y2(p"+'^-i\\/(p\\v\axay 

Q n + a-lJo Jq 

2n + a 

( /■ + °° /■ 2n + a 2(n + l) \ SITT+Ty 

>c(y y 2.1+a (^xdy 1 . (6.7) 

Next we will control the second term of the LHS using Lemma l431 To this end we recall that for a G (—1,0) 
we have the following asymptotics from Lemma 1231 

a 1 + 1 

y2(;;:)n+a-l |V(/)| ~ ^ 



(2+a)(2n + a) ' 
((^2 _j_ y2-) 4(n + a-l) 



whereas, 

a 2n + a 
a 2n+a y 2 d^+a-i 

y2cj)n+a-l (2+.)(2.+.) " (6-8) 

{(P + y2) 4(n + a-l) 

We then use Lemma |43] with the choice A = ^, B = ^""^^^ and F = ^ 4"!'^^^^"^"'' taking into account that 

(2-a)(n-l) 

A + B + 2-2T = ^—-^ -L > , 

2(n + a — 1) 

to obtain the estimate 

a n + 1 £: 2n+a 

Q^^^^^\v\dxdy <Ci / (HiKliTirl^^l^^^y 

_|_ y2^ 4(n + a-l) JO JQ, (^2 _|_ y2^ 4(n+o-l) 

/■+°° [ y2d'^^+^ , , 

+ I I (2+a)(2u+a) \v\dxdy . 

(d2 + 4(u+a-l) 



Jn 



From this and (16.71 ) we have that 



/• + °° /■ a 2n + a /• + °° f a 2n + a / f + '^ f 2n + a 2(n + l) V 

/ / (t>"+'^~'^\^v\dxdy + / / y 2 i^n+a-i > c I / / |(/)"+''-it!| '^"+'^ dxdy \ 

Jo Jn Jo Jn \Jo Jn ) 

To continue we next set w = \w\ "+"-1 and apply Schwartz inequality in the LHS. After a simplification we 
arrive at: 



00 f c+oo 



y''(^^\Vwfdxdy^ I I y^'cp^w'^dxdy > C ( I I \(l)w\^^^] (6.9) 
/o Jn Jo Jn \Jo Jn 

To conclude the proof of the Theorem we need the following estimate: 

+00 /> f+OO f /■+00 



c / / y''4> w^dxdy < 
lo Jn Jo Jn 



/•+QO r- 

y''(l?\Vw\'^dxdy - / diY{y'^V (fyfjjw'^dxdy . (6.10) 

Jo Jn 



It is here that we will use the fact that the domain Q has finite inner radius. Using Lemma [46] with A = a, 
B = we obtain that 

f y^^' jit) , , r v^d- ,^ , I y"d(Ad)x (£) 

" ' ' 2T^w dxdy < / / — —2+^\^w\ dxdy- / / — — 2+, w dxdy , 



Jn (d^ + y2) 2 Jo Jn (d^ + y"^) 2 Jo Jn (d^ _|_ ^2-) 2 
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which impUes 



+00 



dxdy < 



+00 



Jo. {d^ + y2) 2 



—\\7w\^dxdy- 



Jn (d2 + y2) 



y uP'dxdy . 



Taking into account the asymptotics of this is equivalent to (16.101) . We omit further details. 

We aie now ready to prove Theorem 1 1.1 1 part (iii). 
Proof of Theorem \Ll\ part (iii): Again we will use (16.41) . The result then will follow once we establish: 



□ 







y"'\Vu — '^^-^uf'dxdy 



div(y''V</>) 



udxdy>c[ I |n(x, 0)1 



n-\-a — 1 



/o Jn V 

where (p is as in ( 16.51 ). To this end we start with the inequality, see ||Ml^ Theorem 1, section 2.1.6, 



(6.11) 





with the choice u - 

hoo 



y^\Vu\dxdy > c[ / \u{x,0)\^-^+'^dx 



2n-\-a 

2n 



u £ c^{n X M) , 



Jn 



2n-\-a 

n+a-i y_ Hcncc wc obtaln 

a 2n + a 2n + G 

y2(pn+a-i \ \/v\dxdy + 



n + a — 1 

> c 







- "+i 
y2(j)n+a~i \\/(p\\v\dxdy 



2n + a 

2n + a 2n \ 2n 

+ 1)1 + a dx 



(6.12) 



Next we will control the second term of the LHS exactly as we did in the proof of Theorem l6.1[ to arrive at 

a 2n-\-a f J 2n-\~a 2n 

y2(l)n+a-i\y\(lxdy > c [ / \(p"+<^-'^v{x,0)\^"+'^dx 



a 2n+Q 
y2(f)n + a-l I Vu|dX(iy + 



Jn 



2n + a 



To continue we next set v = \w\ n+a-i and apply Schwartz inequality in the LHS to get after elementary 
manipulations that 



Jn 



2(n+l) 

bw] dxdy 



y"-4?\Vw\^dxdy + 



y^(j)'^w'^dxdy 



2n + a 



>C(^y \(l)w{x,^)\'^^+^^dxj . (6.13) 
At this point we use Theorem l6.1l and inequality (16.101 ) to conclude the result. We omit further details. 

□ 



6.2 Trace Hardy-Sobolev-Maz'ya II 

Here we will give the proof of Theorem 11.41 part (iii). We first establish the following Hardy-Sobolev- 
Maz'ya where only the Hardy term appears in the trace term. 

Theorem 6.2. Let ^<s<l, n>2 and O ^ iR" be a uniformly Lipschitz and convex domain with finite 
inner radius. Then, there exists a positive constant c such that for all u E Cq^^M^ x M) with u{x,0) = 
for X G Cfl there holds 

n — 23 

' ^ f - f u'^ix 0) ( /' + °° /■ 2(n+l) \ n + 1 

Jn - d^'^lx) \u{x,y)\~^^dxdyj 

(6.14) 

with 

2i-2«r2(s + i)r(i -s) 

7rr(sj 
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Proof of Theorem 1672} From the proof of Theorem 1 1 .41 we recall the inequality (13.181) . that is 



JIR^ 



y°-\Vu\^dxdy > 



' ' y \yu —u\ axdy 



JM 



-dx + 



JR 



^^^^^^u'dxdv 



(6.16) 



where (/> is given by 



X eft, y > 



(y^+d^r^^Bil), 
{y^ + d^)-iB{-l), xeCn, y>0 



(6.17) 



and B is the solution of the boundary value problem (13.31) and (13.41 ). The result will follow after establishing 
the following inequality: 



JM^ 



y°'\V u—^-^u\^ dxdy- 



JR" 



div(j/°V'/') 2 , , ^ 
7 u axdy > c 



JR^ 



u 



To this end we start with the inequality, see iMl. Theorem 1, section 2.1.6, 



2(n+l) \ 

{x, y) \ n+a-1 dxdy 1 
(6.18) 



n + l 



Jo JR 



10 JR" 

with the choice u 



y 2 \ \/u\dxdy > c 



JR 



2(n + l) \ 

\u{x, y)\ 2n+a dxdy j 



2n + a 
2(n + l) 



2n-\-a 

n+a-i ^_ Hence we obtain 



/■+°° /■ a ,^ii±i^,^ , , , 2n + a /■+~ /■ 

/ / y2(p"+'^-i\\/v\dxdy -\ / / 

Jo Jr" n + a-1 Jq J][ 

> c 



a n + l 

y2(j)n+a-\ |V0| \v\dxdy 



JR^ 

2n + a 2(n + l) \ 2(n + l) 



2n + a 



2n + a 2(n + l) \ 
|^„ + a-ly| 2n + a (ixdy I 

JR" ) 



(6.19) 



Again we want to control the second term of the LHS. This time we split the integral into the integral over fl 
and the integral over Cfl. Concerning the integral over Cfl we use the asymptotics of as given by Lemma 
l33]for a £ (-1, 0) to get that 



whereas, 



a 1 + 1 
y2(f)n + a-l |V0| 



a 2n + a 
y^(j) ^^ + « — 1 



a , (l-a)(n+l) 
y 2 ' ii+o-l 

(2-a)(2n+a) ' 
(d2 + y2) 4(n + a-l) 



g , (l-a)(2n + a) 
y2^ n + a — l 

(2-a)(2n + a) ' 
4(n + a-l) 



This time we use Lemma IM] with ^ = -| + ii^^Kll+li^ 5 = and T = ^ 4"^°+^"^^ . noticing that 



(2-a n-1 
2(n + a-l 



thus obtaining 



10 Jen 
where we also used the convexity of Q, 



a 2n + a T + OO |. ^ n + l 

y2 (j)n + a-l^\Jy^(lxdy > C / / y2 0n + £i-] 

Jo Jen 



|V0||v|(ix(iy 



(6.20) 
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On the other hand in ft the asymptotics of cp are also given by Lemma [331 as follows: 

a 

a n+1 -J/S 
y20n + a-l|V0| 



whereas, 

a 2n + a 
y 2 (pn + a — l 



a(2n--{-a) . 1 
(^(p _)_ y2)4(n + a-l) + 2 



a(2n+a) 
((^2 _|_ y2-)4(n + a-l) 



We next use Lemma [43] with the choice A = ^, B = and T = 4"^^"^]) + | taking into account that 

2(n + a-l) 



to obtain the estimate 

f+00 



Jn 



^o(2n+a) , 1 \v\dxdy 



(^(p _)_ y2')4(n+a-l)+2 

< Cl / a(2n + a) , 1 \Vv\dxdy + C2 / / a(2n + a) , 1 \v\dxdy 

Jo Jn (^^2 _|_ y2^4(n + a-l)+2 JO ^^2 ^ y 2 ~) 4(n + a- 1) + 2 



< Cl / ^^^\Vv\dxdy + C2 / a(2n + a) , 1 bl^^Xdj/ ■ 

JO JQ |-(^2 _|_ y2^4(n + a-l) Jo Jn (^^2 _|_ y2^4(n+a-l)+2 

Equivalently, this can be written as 

/• + °° f a n + 1 , , 

JO Jn 

/• + ~ /• „ 2n + a r + °° f a 2n+a d 

< / / 7/2 0n+a-i |Vti|(ix(iy + / / y2(j)^+<^-i -\v\dxdy . (6.21) 

Jo. JO Jn (^2 + 1/2)2 

Using ( I6.20I ) and ( |6.21b in ( I6.19I ) we arrive at 

+ °° /■ a 2n + a /■ + °° /"a d 2n + a 

/ y 2 1 Vuldxdy + / / y2 -(j)"+"--'^\v\dxdy 

iiR" JO Jn {d^ + y'^)2 

2n-\-a 

( r + °° r 2n+a 2(n + l) \ 2(n+l) 

>c / / 2n+a (ixdy . (6.22) 

Vjo Jm" ) 

1rL-\-a 

To continue we next set = \w\ and apply Schwartz inequality in the LHS. After a simplification we 
arrive at: 

7i-|-a — 1 

/ / y>2|y^|2^^jy^ / / ^ ^^ w^dxdy>ci / / (6.23) 
Jo JJR" Jo Jn « + y Vjo Jm" ) 

To conclude the proof of the Theorem it is enough to obtain the following estimate: 

c / / ,0 \ w'^dxdy< / / y''(p'^\Vw\'^dxdy- / / div{y''V(j))(l)w^dxdy . (6.24) 
Jo Jn « + y Jo Jn Jo Jn 

It is here that we will use the fact that the domain Q has finite inner radius. Using Lemma 14.61 with 
A = a, B = we obtain that 

f y^^' (£) 2, , , [ td^ ,2, , i ^"^(Aci)^ 

c / / 2q^^ axay < / / dxdy— / / — w dxdy , 

Jo Jn{d'^ + y'^)~ Jo Jn{d'^ + y'^)~ Jo Jn {d'^ + y'^)~ 
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which impUes 



+00 



Jn {d? + 2/2) 2 



dxdy < 



Jn {d? + 2/2 



y i2 



+00 



Jn ((i2 + y2 



— u; (ixd2/ • 



Taking into account the asymptotics of this is equivalent to ( I6.24I ). We omit further details. 

We are now ready to prove Theorem [L4] part (iii). 
Proof of Theorem \L4\ part (iii): Again we will use (16.161) . The result then will follow once we establish: 



□ 



JiR" 



y"'\Vu -^ul'^dxdy 



J/R" 



div(2/'^V,/.)^2 



udxdy>c[ / |u(x, 0)1 "+"-1 



where (p is as in (16.171) . To this end we start again with the inequality, 

y2\\/u\dxdy>c( / \u{x, 0)| dx 



(6.25) 



JM 



2n+a 
2n 



2n + a 



valid for u G C^{IR'" x iR) with u{x, 0) = 0, x G Cil. We apply this to n = cpri+a-i y_ Hence we obtain 



a 2n + a 2n + O 

y2(pn+a-i \ \/v\dxdy H 

JR" n + a-1 



JM" 



y2(j)n+a-i \\/(j)\\v\dxdy 



> c 



2n-\~a 

2n + a 2n \ 2n 

)n + a-ly\ 2n + a dx 



(6.26) 



Next we will control the second term of the LHS exactly as we did in the proof of Theorem l6.2[ to arrive at 



Jo Jr" 



a 2n+a 

y2(j)n+a-i y\/v\dxdy+ 



y^d 



Jo. (d2 + y2) 



— (j)n + a~\ \v\dxdy > C I / |0n + £i-l y(x, 0) | rfx 



2n + a 



To continue we next set = "+0-1 and apply Schwartz inequality in the LHS to get after elementary 
manipulations that 

y^d^ 



Jn 



2(n+l) 

{(pwl ■^+'^-'^dxdy 



Jn 



y°-(l?\Vw\'^dxdy + 



Jn 



+ 2/' 



;4>'^w'^dxdy 



>Cyj \(i)w{x,^)\'^^+^dxj . (6.27) 
At this point we use Theorem l6.2l and inequality (16.241 ) to conclude the result. We omit further details. 



□ 



7 The Fractional Laplacians 

In this section we will apply the previous results to establish the proofs of Theorems 11.31 11.51 as well as of 
part (iii) of Theorem ll.61 

Proof of Theorem [Ol - Part (i) and (iii) follow from part (i) and (iii) of Theorem 11.11 taking into account the 
relation between the energy of the extended problem and the corresponding one of the fractional Laplacian, 
see subsection 18. H and in particular relation (18.51 ). 

We next prove part (ii). We will use the optimality of the constant dg of Theorem ll.il that is for each 
e > there exists a G (S7 x IR) such that 

, ^^ it^!^y'-'^\Vn,?dxdy 

Jn d^=(x) 
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and let feix) = Us{x, 0). We will show that for some positive constant c, 



ds + ce> . (7.1) 

Jo. d^^ ix) "-^ 



To this end let ii^ be the solution to the extended problem 

diY{y^-^''Vue{x,y)) = 0, in f^x(0,oo), 
Ue{x,y) = 0, x G 517 X (0, oo) , 

Ue{x,0) = fe{x) . 

The solution minimizes the energy and therefore 

/ / y^^^lVnepdxdy < / / y^-'^'\Vue\'^dxdy 
Jo Jn Jo Jn 

On the other hand using ( I8.5I ) we have 

,1-2ST 



and (17.11 ) follows easily with c = 2i-^^r(i_s) ■ 

□ 

We next give the proof of Theorem 1 1.5 1 
Proof of Theorem \L5[ Part (i) and (iii) follow from part (i) and (iii) of Theorem 1 1 .41 taking into account the 
relation between the energy of the extended problem and the corresponding one of the fractional Laplacian, 
see subsection l8.2l and in particular relations (I8.7I) - (I8.8I) . 

The proof of part (ii) is quite similar to the proof of part (ii) of Theorem II. 3[ the only difference being 
that the extension problem is now on the whole iR". We omit the details. 

□ 

Finally estimate (11.331 ) of part (iii) of Theorem 11.61 follows at once from part (ii) of Theorem 11.61 and 
(18.71) . Concerning estimate (11.341 ). it follows from (11.331) taking into account that for x G , 

d^ .Vr(if^) 1 



\x - 2sr (^) xl^ 



see, e.g., llBBCll . 



8 Appendix 

8.1 Spectral Fractional Laplacian 

Let O C iR" be a bounded domain, and let Aj and be the Dirichlet eigenvalues and eigenfunctions of 
the Laplacian, i.e. —Acpi = Xicjii in J7, with = on dO., normalized so that (pfdx = 1. Then, for 
f{x) = Y^ Ci(j)i{x) we define 

oo 

{-Ayf = Y,CiXt^^, 0<S<1. (8.1) 

i=l 

We also have 

» oo 
{{-AYf, fh= f {-AYfdx = V cfAf . (8.2) 
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To the function f{x) we associate the "extended" function u{x, y), x £ Q, y > 0, given by 

+00 

y) = ^ Ci(f)i{x)T{y^/\l), 
1=1 

where T{t) is the energetic solution of the ODE: 

{t'^-'^'T'{t)y - t^-^'T{t) = 0, or T" + ^—^T' - T = 0, t > 0. (8.3) 
The solution of this can be taken from MAS! . Section 9.6 and is given by 

T{t) = '^fKsit), (8.4) 

where Ks{t) denotes the modified Bessel function of second kind. The constant factor is chosen in such a 
way that T{0) = 1. As a consequence we also have u{x, 0) = /(x). 

An easy calculation shows that dw{y^^'^^V {(/}i{x)T (yy/Xl)) = from which it follows that div(y^^^*Vn) 
0. An integration by parts then shows that 

+00 r r r 

/ y^^'^^lVul'^dxdy = lim t^^'^^ / u(x,T)uy(x,T)dx — lira t^~'^'^ / u(x,T)uy(x,T)dx 
Jn ^^+°° Jn Jn 



lim t^-^'T(t)T'(t) - lim t^~'^'T(t)T'(t) 



00 

2 



i=l 



Where we used (18.21) and the fact that 



2i-2«r('i - s) 

!2((_A)V,/)c. (8.5) 



lim t^-'^'T{t)T\t) - limt^-^'T{t)T'{t) = ^^/^n ■ (8-6) 



To prove the above relation we show that 



lim t^-2^r(t)r'(t) = 0, -limt^-'^'T{t)T'{t) -^^ ^'^^^ 



t^+oc t^o r(s) 

These two relations are a direct consequence of (18.41) and the following properties of Ks{t) : 
8.2 Dirichlet Fractional Laplacian 

Let u{x, y) be the extended function as defined in (ll.7l )- (ll.8l ). In this subsection we will show the following 
two relations connecting the energy of the extended problem and the energy of the Dirichlet fractional 
Laplacian: 

y IViil dxdy = — n-f— / / -—-jr—dxdi (8.7) 



JR^ 7rtr(s) JiRnJiRn |x-^|"+2« 
/ / y^-^'\Vu\''dxdy = ^((-A)V,/)k- (8.8) 
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We will use the Fourier transform in the x- variables: 



The equation div(j/^^^*Vn(x, y)) = or equivalently A^u + Uyy + ^Uy = with u{x, 0) = /(x), reads 
as follows when taking the Fourier transform 

1 — 2s 

-|r/pn + {u)yy H — {u)y = 0, n(r/, 0) = /(r/), 

and it is satisfied by u(?7, y) = f{rj)T{\T]\y), where T satisfies (18.31 ) and is given by (I8.4I ). 
Concerning the energies we have: 

/ iVnl^dxdy = / y^'^' {\7i\^\u\^ + \uy\'^) dr]dy 
Jm" Jo Jm" 

00 



{\v\Vf[T'{\v\y) + T'H\v\y)]}drjdy 



where t = \r]\y. We next compute the last integral. Multiplying equation (18.31 ) by T, integrating by parts 
and employing (18.61 ). we get 

t'^-'^'[T^{t) + T ^{t)]dt = t^~^'T{t)T'{t)dt = ^-^ — ^ . (8.9) 

r(s) 

We finally recall the following relation (see, e.g., liFLSI . Lemma 3.1) 

^ 2 W / ' ■'^^'^-dxd^. (8.10) 



tr(l-s) JM^JlRn |x-C|"+2- 



Putting together the last three relations we conclude (18.71 ). 
Finally, taking into account (11.251 ) we easily obtain (18.81 ). 



References 

[AS] M. Abramowitz and I. Stegun, Handbook of Mathematical Functions, with Formulas, Graphs, 
and Mathematical Tables. NBS Applied Mathematics Series, vol. 55. National Bureau of Stan- 
dards, Washington (1964) 

[ABS] G. Alberti, G. Bouchitte and P. Seppecher, Phase Transition with the Line-Tension Effect, Arch. 
Rat. Mech. Anal., 144 (1), (1998), 1-46. 

[AFV] A. Alvino, A. Ferone and R. Volpicelli, Sharp Hardy inequalities in the half space with trace 
remainder term, preprint (201 1), a rXiv:! 105.0335 v l. 

[A] A. Ancona, On strong barriers and an inequality of Hardy for domains in M^, J. London Math. 

Soc. 34 (2), (1986), 274-290. 

[AK] D. H. Armitage and U. Kuran, The convexity and the superharmonicity of the signed distance 
function, Proc. Amer. Math. Soc. 93 (4), (1985), 598-600. 



40 



[BFT] G. Barbatis, S. Filippas and A. Tertikas, A unified approach to improved Hardy inequalities 
with best constants, Trans. Amer. Math. Soc, 356 (6), (2004), 2169-2196. 

[BBC] K. Bogdan, K. Burdzy and Z-Q. Chen, Censored stable processes, Prob. theory related fields 
127 (2003), 89-152. 

[BD] K. Bogdan and B. Dyda, The best constant in a fractional Hardy inequality. Math. Nachrichten, 
284 (5-6), (2011), 629-638. 

[BBM] J. Bourgain, H. Brezis and P. Mironescu , Limiting embedding theorems for W^'P when s \ I 
and applications, J. Anal. Math. 87 (2002), 77-101. 

[BM] H. Brezis and M. Marcus, Hardy's inequalities revisited. Dedicated to Ennio De Giorgi. Ann. 
Scuola Norm. Sup. Pisa CI. Sci. 4, vol. 25 (1997), 217-237. 

[CC] X. Cabre and E. Cinti, Energy estimates and 1-D symmetry for nonlinear equations involving 

the half-Laplacian, Discrete Contin. Dyn. Syst. 28 (3), (2010), 1179-1206. 

[CT] X. Cabre and J. Tan, Positive solutions of nonlinear problems involving the square root of the 

Laplacian, Adv. Math. 224 (5), (2010), 2052-2093. 

[CS] L. Caffarelli and L. Silvestre, An extension problem related to the fractional Laplacian, Comm. 

PD.E. 32, (2007), 1245-1260. 

[CG] Chang S.-Y. A. and Gonzalez M. , Fractional Laplacian in conformal geometry. Adv. Math., 
226 (2), (2011), 1410-1432. 

[CKSl] Z.-Q. Chen, P. Kim and R. Song, Two-sided heat kernel estimates for censored stable-like pro- 
cesses, Probab. Theory Related Fields 146 (3-4), (2010), 361-399. 

[CKS2] Z.-Q. Chen, P. Kim and R. Song, Heat Kernel Estimates for Dirichlet Fractional Laplacian, J. 
Eur. Math. Soc. 12(5), (2010), 1307-1329. 

[CSo] Z-Q. Chen and R. Song, Hardy inequality for censored stable processess, Tohoku Math. J., 55 
(2), (2003), 439-450. 

[Dl] E. B. Davies, The Hardy constant. Quart. J. Math., 46 (2), (1995), 417-431. 

[D2] E. B. Davies, A review of Hardy inequalities, Oper. Theory Adv. Appl., 110, (1999), 55-67. 

[DDM] J. Davila, L. Dupaigne and M. Montenegro, The extremal solution of a boundary reaction prob- 
lem, Commun. Pure Appl. Anal. 7 (4), (2008), 795-817. 

[D] B. Dyda, Fractional Hardy-Sobolev-Maz'ya inequality on balls and halfspaces, preprint (2010) 
larXiv: 10 04.5 146. 

[E] L. C. Evans, Partial Differential Equations, American Mathematical Society Providence, RI 
(1998) 

[FMT] S. Filippas, V. Maz'ya and A. Tertikas, Critical Hardy-Sobolev Inequalities, J. Math. Pures Appl. 
(9), 87 (1), (2007), 37-56. 

[FS] R. L. Frank and R. Seiringer, Sharp fractional Hardy inequalities in half-spaces. In: Around the 

research of Vladimir Maz'ya, A. Laptev (ed.), 161 - 167, International Mathematical Series 11 
(2010). 

[ELS] R. L. Frank, E. H. Lieb and R. Seiringer, Hardy -Lieb-Thirring inequalities for fractional 
Schroedinger operators, J. Amer. Math. Soc. 21 (4), (2008), 925-950. 



41 



[FL] R. L. Frank and M. Loss, Hardy-Sobolev-Maz'ya inequalities for arbitrary domains, preprint 

('20in. larXiv:1102.4394K ^l. 

[Gk] K. Gkikas, Hardy and Hardy-Sobolev inequalities and their Applications, Ph.D. thesis 201 1. 

[G] M. Gonzalez, Gamma convergence of an energy functional related to the fractional Laplacian, 

Calc. Var. Partial Differential Equations, 36 (2), (2009), 173-210. 

[KK] J. Kinnunen and R. Korte, Characterizations for the Hardy Inequality, Around the research of 
Vladimir Maz'ya, A. Laptev (ed.), 239-254, International Mathematical Series 11 (2010). 

[L] Leoni G. A first course in Sobolev Spaces, Grad. Studies in Math., American Math. Society, 

(2009) . 

[LLL] R. T. Lewis, J. Li and Y. Y. Li, A geometric characterization of a sharp Hardy inequality, preprint 
(2011). larXiv:1103.5429l 

[LS] M. Loss and C. Sloane, Hardy inequalities for fractional integrals on general domains, J. Funct. 

Anal. 259 (6), (2010), 1369-1379. 

[M] V. Maz'ya, Sobolev spaces with applications to elliptic partial differential equations. Second, 

revised and augmented edition. Springer, Heidelberg, 2011. 

[MS] V. Maz'ya and T. Shaposhnikova, On the Bourgain, Brezis, and Mironescu theorem concerning 
limiting embeddings of fractional Sobolev spaces, J. Funct. Anal. 195 (2) (2002), 230-238; 
Erratum J. Funct. Anal., 201 (1), (2003), 298-300. 

[N] H. M. Nguyen, T-convergence, Sobolev norms and BV functions, Duke Math. J., 157 (3), (2011), 

495-533. 

[PSV] G. Palatucci, O. Savin and E. Valdinoci, Local and global minimizers for a variational energy 
involving a fractional norm, preprint (201 1). larXiv: 1 104. 17251 

[P] G. Psaradakis, weighted Hardy inequalities, preprint (201 1). 

[SVl] O. Savin and E. Valdinoci, Density estimates for a variational model driven by the Gagliardo 
norm, preprint aOlO). ExTv: 1007.21 141 

[SV2] O. Savin and E. Valdinoci, T-convergence for nonlocal phase transitions, preprint (2010), 
E-Xiv: 1007. 17251 

[S] C. A. Sloane, A Fractional Hardy-Sobolev-Maz'ya Inequality on the Upper Half space, preprint 

(2010) , larXiv:1004.48"28] 

[St] E. M. Stein, Singular Integrals and Differentiability Properties of Functions, Princeton Univ. 

Press, 1970. 

[T] J. Tan, The Brezis Nirenberg type problem involving the square root of the Laplacian, Calc. Var. 

Partial Differential Equations, 42 (1-2), (2011), 21-41. 



42 



